We show how the Clark-Ocone-Haussmann formula for Brownian motion on a compact Riemannian manifold put forward by S. Fang in his proof of the spectral gap inequality for the Ornstein-Uhlenbeck operator on the path space can yield in a very simple way the logarithmic Sobolev inequality on the same space. By an appropriate integration by parts formula the proof also yields in the same way a logarithmic Sobolev inequality for the path space equipped with a general di usion measure as long as the torsion of the corresponding Riemannian connection satis es Driver's total antisymmetry condition.
Introduction
Let ! = (! t ) t 0 be a standard Brownian motion starting from the origin with values in IR n and denote by W 0 (IR n ) the path space of continuous functions from 0; 1] to IR n starting from the origin. We denote further by IE expectation with respect to the law (the Wiener measure) of ! on W 0 (IR n ). Gross G] 
, the proof of the logarithmic Sobolev inequality (1) may be reduced to the case of nite dimensional Gaussian measures, for which rather elementary semigroup arguments may be used (cf. Ba] ). Such semigroup arguments can actually be formulated in terms of stochastic calculus on Brownian paths, which may then be shown to work easily in the in nite dimensional setting as well. To illustrate the purpose of this paper, let us rst describe a proof of (1) and (2) H3] ). This logarithmic Sobolev inequality improves upon the previous spectral gap inequality due to S. Fang F1] . Now, S. Fang's beautiful proof is based on a version of the ClarkOcone-Haussmann formula for Brownian motion on a manifold. This representation formula is presented in a handy way in H4] and simply involves an additional curvature term in (3). The aim of this note is then simply to observe that, together with this representation formula, the preceding simple proof of the logarithmic Sobolev inequality for Brownian motion in IR n yields in exactly the same way the logarithmic Sobolev inequality for the law of Brownian motion on a complete Riemannian manifold with bounded Ricci curvature. This result is presented in Section 2. In Section 3 we extend the argument by an appropriate integration by parts formula to general di usion processes with generators of the form 1 2 + V over a complete Riemannian manifold. The manifold is assumed to be equipped with a connection compatible with the Riemannian metric, and its torsion satis es Driver's total antisymmetry condition. The resulting logarithmic Sobolev inequality extends simultaneously the recent results of F.-Y. Wang W] and S. Fang F2] . In the last section we show how the previous stochastic calculus argument may be applied to yield similarly the isoperimetric inequality on path spaces in B-L].
Logarithmic Sobolev Inequality for Brownian Motion on a Manifold
We rst recall Fang's martingale representation formula as presented in H4]. We follow the exposition of H4] and refer to it for further details. Let M be a complete and connected Riemannian manifold of dimension n equipped with the Levi-Civita connection r. 
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The projection = (U) is a Brownian motion on M starting from x 0 whose law is the Wiener measure on W x0 (M) with the generator 
Di usion Processes and Connections with Torsion
In this section, we extend the preceding logarithmic Sobolev inequality to the law of a general di usion process with generator L = 1 2 +V on the path space over a Riemannian manifold M equipped with a connection compatible with the Riemannian metric but not necessarily torsionfree. We refer to D] and H1] for the general setting, notation and geometric consideration.
Let M be a complete, connected Riemannian manifold equipped now with a connection r compatible with the Riemannian metric. We assume that the torsion = f u ; u 2 O(M)g satis es Driver's total antisymmetry condition i.e., h u (x; y); zi IR n is alternating in all three variables (x; y; z). Let V be some smooth vector eld on M. The main step of the proof is to get an integration by parts formula for the connection r and the di usion measure generated by L. To this aim, one may either redo parts of H1], or use the integration by parts formula of Driver D] We outline a proof of this proposition using (7) and the techniques of H1]. It is enough to show that e D h 1 is given by the second term on the right-hand side of the above formula. First of all it is easy to check that Hence,
Since K is antisymmetric, we have hV ; KV i = 0. Therefore,
Putting everything together, and recalling (7), we get Recalling that db t = d! t ? V (U t )dt, we obtain the desired result immediately.
Given the preceding integration by parts formula, the proof of the logarithmic Sobolev inequality for the di usion measure on a manifold with torsion is entirely similar to the proof in Section 2. For simplicity we only give the proof in the at case (9). The arguments presented in the preceding sections for logarithmic Sobolev inequality show clearly that the general result will follow almost identically. Fix F, say smooth and cylindrical, with values in 0; 1]. Consider as before M t = IE(F jB t ), 0 t 1, and besides the IH-valued martingale N t = IE(DF jB t ), 0 t 1. For an element h in IH, and 0 t 1, de ne h t 2 IH by h t s = h t^s . We will apply Itô's formula to the (Hilbert space valued) semimartingale (M t ; N t ; t) between t = 0 and t = 1 with In the notation of the present proof, the Clark-Ocone-Haussman formula can be written as dhMi t = j _ N t (t)j 2 dt. Applying Itô's formula we obtain (with the obvious notational simpli cations), 
